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B1E

HRI 22 ME & ST

Linear Space and Projection

AT, TH¥) X TR OfazEAL, Tz [HHET5])
DO TRET S, INHPARECTREEELEE 2B/ T01E, i TE
2] & TRIEHE#) 205 Z20flE HE25THS. T LT, UF
DEDTF—<IFTRTIOMEIZHEINT WS, £3, Eo%EmM), E
ZHiZEM ), TEMOR 2E€&HL T, S0 BKNREL2EL. %
7z, EMEVPEHAOHEOHERL, HETHEHNTRZ MLOIEHR
BERREEOET [V a3y bOERIL] 23T 5.

In this chapter, we introduce the concepts of “projection” and “re-
jection” and express them in the form of the “projection matrix.” It
plays the central role in this book, because it implies “orthogonality”
and “shortest distance.” The themes of the subsequent chapters are all
based on these two aspects of projection. First, we define “subspaces,”
“orthogonal complements,” and “direct sum decomposition” and then
derive concrete expressions of the projection matrix. As an illustration,
we show examples of projection onto lines and planes and explain the
“Schmidt orthogonalization” for producing an orthonormal system of

vectors using projection matrices.

1.1 #RHMBHRDOKRIE Expression of Linear Mapping

nIRTCZEE R™ 75 mIRTGZEM R™ ~DO#ILGHIL, H5 m x n174] A
IZEoTERINS (— Appendix A.1Hi). Tz EDHBEARNLFIEIL,
R" (ZNz&EHFE (domain) & FER) IZ—DDIEFHRBEREK (orthonormal



2 1% KUPZEME S5 Linear Space and Projection

R™ R™

u; A

M11 R" QOERELLE {u;},i=1,... n2R" O Mla;, i=1,...,
BT B EERE m x n il A = Y1 au] THALNS.

Fig. 1.1 The linear mapping that maps the orthonormal basis {u;}, i =1,...,
n, of R™ to vectors a;, ¢ = 1,...,n, of R™ is given by the m x n
matrix A =37 a;u; .

basis) (7205, HWIERTLZHMRT ML) {ul,...,u,} ZED, *
NENPEBRINDZIRE mMIRTRY MV (T4 B5, & (image)) ax, ...,
a, fBETHZLTHS (Fig. 1.1). DL &, 175 AIZIRD L S5 12EHY
% (< Problem 1.1).

A:alur—|—-~-—|—anu;r (1.1)
L, TIiREED 28T, EEE, R w it 5, EHEBERNE
u;ruj = dij (1.2)

(6 1% 2 8%y ADTILE (Kronecker delta), 7 bL, j=iD& &1,
JFIDEE0RLDET) &V, Au;=a; L7425,

iz, R™ OIEMIELKE & UTBAREER (natural basis) {e1,...en} (e;
FH RN, ZOMIE0 D n kLR ML, BRERK (standard basis,
canonical basis) £ HIER) 2 &0, a; = (a1s,...,am:) £ELE, X (1.1)
RO LS ITRIN 5.

U ¥4 13 transpose (£78) DAt 2K EFETFE LT, R2 M u0lEEs lu 28
eV, WHED TETHIE T 26 LT LTu LELOPEETHS.
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1.1 #EEHDRE  Expression of Linear Mapping 3

an

€; A

E12 R™ DOHAREE {ei}, i=1,....,nZ R™" DRI sVa; = (ah',...,
ami) T, i =1, CEET BRI TEIE m x n 1751 A = (ai;) TE

AbNd.

Fig. 1.2 The linear mapping that maps the natural basis {e;}, i =1,...,n, of
R™ to vectors a; = (a1i,...,ami) ,4=1,...,n, of R™ is given by
the m X n matrix A = <aij).

ai QAin
A= (Lo 0)++|: |01
aml amn
air - Qin
_ (1.3)
Aml ** Qmn

Thb5, Ra,..

1.2).

Bl 2RITEER

2RITZEM D MAE 0 (KRFEFE D ) DOEEIFMEEMSRTH 5.

(1,007, es = (0,1) T ZMAEOZFEEET 5 &, ZhEha) = (cosh,sind)

L an EFIE LTIBRIBATATI (a1 - an) L7525 (Fig.

Rotation in two dimensions
HAREEK e =

ax = (—sinf,cos)’ 725 (Fig. 1.3). L7=d3>T, A 0 OEEEIZITSI
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Y

[ —sind €2
92 = cost (cos 9)
a; =

O €1

1.3 HAEE {e1} = (1,0)7, {e2} = (0,1)T 2MAFE 0 ZTEIET L L, Th
ZFNa; = (cosh,sinh) T, as = (—sinh,cos0) T 25,

Fig. 1.3 The natural basis {e;} = (1,0) " and {es} = (0,1) T are mapped to
a; = (cosf,sinf) T and as = (—sinf,cosh) T, respectively, after a
rotation by angle 6.

R(0) = (cos@ —sin@) cEEND.

sinf cos@

1.2 EOZEEEHNT, REF

Subspaces, Projection, and Rejection

nIRTCEM R 1ZH B r RO 2R My, ..., u- ZHELZE
&, TNODITARTOMEFREEDRIKU C R™ & wy,...,ur DIRD (span)
r IXICERS 22/ (subspace) & WS . BIRIE, —DDXRT LD S 5421
FEZNITIRSERTH D, —DDORY I\)I/@Eﬁéﬁﬁﬁj\wﬁﬁ EENS %E S
HTH5.

R™ DA PIHLT, BAEMUDKQ € UT, POMUIEET 555
Q %5 P DU ~DEE (projection) & IFU?, Q? ERQDUNSDRE
% (rejection) L MER (Fig. 1.4). MQZ2U DHDORQ IZBETEH L, =°F
FHOEH (— Appendix X (A.12)) &9,

2 ERITIE TERS] (orthogonal projection) &\ 5 A%, AEFTIXERFRIUSNDH
BEZRNDT, BIZZhe T LIE.



1.3 #4745 Projection Matrices 5

uJ_

14 5P OWHEEU~DHY QXU LO P50 THS. QP c
UL 1ZU DS DRSS

Fig. 1.4 The projection Q of point P onto the subspace U is the point of U
closest to P. The vector Q? € U+ is the rejection from U.

IPQII* = 1PQI° + 1QQ'II* > | PQI* (1.4)

ThHhdho, FELEZSQIEEUDE P PoEMDETE H S (— Problem
1.2).
AEDZ &, RO ESIZEITS

OP=00+QP, 00cu, QPecu* (1.5)

2EL, UL BUITERTERZ MLOERKTHY, U DBERMBZERB (or-
thogonal complement) &IFE.R. Zhd R OEHEMTHS. DX ST,
R DRI MNVEUNDRHFZEZNDLSDKPFOME LTERI NS, Z
DE>HELHE—ENTHY, OPOU L UL ~DBEHMH R (direct sum
decomposition) TH B &\ 5.

1.3 %1750 Projection Matrices

%ﬁﬁfﬂf"ﬁu«% T 5B % Py, ERMERUS ~NHET 2 56% Py
CEITIE, B oEH LD,

u
Hw—{m v e (1.6)
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0 zclU
Py.rx= 1.7
u {a: xelUt (L7

Thd. WHEEUIZERERKEE {u,...,u} 2HET DL, Thik
R" OIERERIEE {u1, ..., ur, Uri1,. .., un} ITIRERTE S, X (1.6) 13,
Py R R" OEHERIEE {u,...,un} 2ZNZTHu,...,ur,0,...,01Z
HRTHIEEEKRT S, AR, RO L0, Py {u, ... un}
EZNTNO,...,0,Uri1,...,un KEHET S, ®x12, X (1.1) &9 Py,
Py 3EnTRO &5 I12EIT 5.

Py =wu + -+ uru, (1.8)

Pui=uriUy + o+ unug, (1.9)

Py, Py 2 ZnEh, WA%MU, BEIOFOBERMEEE UL ~DRET
5l (projection matrix) & .38,
Fig. 14 £ D, $RCTOHEPIHLTOP = PLyOP + Py OP = (Py +
Py )OPTHhBHE,
Py+Py. =1 (1.10)

Th5 (HEEMATHP). Tbs, BAATH I HINRD &S, WaEmU
L2 OELMER U ~NOFHATHORIZARE NG (RO T EHiks 4
ZR R ~NDOHHATITH ).

I:ul'uIr +-~-+uru:+ur+1u:ﬂ +~-~+unu,—1r (1.11)

Py P,

& (15) OAELD 00 = PyOP &£ QP = P, .OP ZEZT 275,
IOP|? = ||O0)? + |QP|* Th 2. ®RIT, FEEDORT ML a it LT,

DPHEEIEE LB I AH. TR R A VEED Einheit (GEAL) DEXFTHS. %
FED unit (BAL) DEHEXTZEEL->TU &EHELZHH D, JEEETIX unit matrix & P
B =, WHEEPTHTRIT &EL ISV, Ihididentity (F—M) DiEF
Thsb. U T, #iETIEidentity matrix 2 FEXDMBEETH 5.
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uJ_
e
[Py ]
O | Py y

15 HEEORZ MVt LT, ||o)? = ||Puz|? + || PyLo|? 538 0 1.
Fig. 1.5 The equality ||x||? = |[Py|]* 4 || Py 2||* holds for any vector .
RO D 32D (Fig. 1.5).
ao||* = || Pua||* + || Py ® (1.12)
BHEATH Py 123t LT, AP D 322 (< Problem 1.3).
P, =Py (1.13)
P} =Py (1.14)

X (1.13) 1, Py BWWiilThHd I L 2B%T 5. ZhiEX (1.8) DEH
OO THD. RN (114)1F, —ERHELEZREZD I —EHNFYLTHEYL
LBWI e 2EHET 5., INHHEOERLIOVHSHATHS. X (1.14) Dk
B EFF DT HNIIREE (idempotent) TH B L\ D . WA DR EEF 0175
i, HEHMAEMNDHEITHITH S Z L H/RES (< Problem 1.4).

1.4 EfREFEEADEE Projection onto Lines and Planes

FR O ZEY, BAARZ PV u GRS ERR X 1 RTBDZER T H
5. Bl EANDHETIE P2 &L L,

T

P, =uu (1.15)

YR (L14) D (BT LSERHE TR HHOEHTHS. X (1.13) 1, Thit
HRHETHE L ERT (< HHE2).
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P

u

> l

(OP, u)

16 ~ZMLOP®, B0 MY, Wi~y Ml u AAICHCEER] LD
BB (OP, u) TH 5.

Fig. 1.6 The projected length of vector Oﬁ onto a line passing through the
origin O and extending in the direction of the unit vector w is given
by (OP, u).

THB. LEN-T, OPDI EADHBIX
uu OP = <ﬁ,u>u (1.16)

THb. BT, RZ b La,bOWFi% (a,b) (= a'b) &#EL (= Ap-
pendix A2 ). R (1.16) DAL, ELISHS>EX (OP,u) D27 F L
ZRLTWD (Fig. 1.6). 7272U, w AFITIE, KA AMIZEEHRT S, 2
N % B ER (projected length) LIER. §74bsH, BANY ML EDREIR,
ZOAEDOERLEOHPFRTH S,

FHROZBEY, BANY Mln 2Efe T2 VEITIEn — 1IRTHIZ%E
MThsd (BEFIZIE “WFEH” (hyperplane) & WS RETH B H, EILDO A
WIR D, DIFTIHEFES I TP SIPR). E#AR2 Ml n OSHO
BRI FE I OERFMEMTH I 6, I EAOHETI%Z P, 2 EL &,
& (1.10), (1.11) & b,

P,=I-nn' (1.17)

THB. LEhoT, OP DI E~OSEIE
P.OP = OP — (OP,n)n (1.18)

Y 75 (Fig. 1.7).
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A }@ﬁn

17 ~ZhLVOP®, EAAEY, BAEMAT ML n %R0 THE 1T AOHY

Fig. 1.7 Projection of vector O? onto plane II passing through the origin O
and having unit surface normal n.

15 Y323y FOERI Schmidt Orthogonalization

HWIZERTHEMARZ MLOMH % ERBER R (orthonormal system) &
W, n KDL RY Mbay,...,a, PPSIROEIIZLT, EFRER
EF\ul,.. JUn EAEOHTZENTES. £7, w1 =ai/|lal]| £T5. w

BT 502l (R ~OHFTER (1.17) &0 T —wul
Thb. WAIZ, ar & INITHP L

ay = (I —wiu] )as = az — (w1, a2)w (1.19)
W u ICERTS. ULERoT, TNEHBEMRZ MVIZIEFRLL - uy =
ay/||ab| ¥ u ITHERT AR ML THB.

FUEIITHEZADE, wi,ur ITERT S0 2EH (ERMHZEM) ~DH%
NI T — uiu] — ugus THB. DRI, a3 ZHITHE L

a; = I - u1u1T — uQ'u,gT)ag = a3 — (u1,as)ur — (U2, az)us (1.20)

Fuy,u CEET S, LT, ZhEBMARZ MUWCTERUE us =
ay/||ah]| W ur, us ICER T BHA RS ML TH S, BT, FBCLT, BR
FTARHEANRT Mg, ..., up_1 BMEONZEE, uy,...,up_ KEXT S
W2 (EZHZEE) ~DRFTINE T — um?—~~—wkwh4?%
5. WA, ap & IhICHBLE

/o I T T
ap, =T —wiuy — - —Ug_1Up_1)a%

=ar — (U, ap)ur — - — (Up_1, ar)Ug (1.21)
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g, ..., up CEZT S, LT, TNEHBARZ MVIZESELZ
up = ap/|lagl Fu, .., u KERTEIHMRT MLV THS. Thi k=1,
Lo nIINUTEROET E, EFRERR ... u, O NDS. T OEME
(U756 -) Y23y hOERIE ((Gram-)Schmidt orthogonalization) &
5.

FEE& £ &% Glossary and Summary

n RITEE R" the n-dimensional space R" : n ffl DL D FEE (24, . . .,
Tn) THREIND HMOES. &l BEEZHICIHERZFIRT NV

T = (xi),izl,...,n -5,

The set of points specified by n real coordinates (x1,...,xy). Each

point is identified with the column vector x = (acz), i=1,...,n,

consisting of the vertically arranged n coordinates.

B[ linear space : MR EBEVRERZINTVWBRES (TRT MLz
Ml EBIER). TOEHKE [N ML) CIES,

A set in which sums and scalar multiples are defined, also called “vec-

tor space.” Its elements are called “vectors.”

W ER  linear mapping : f(u +v) = f(u) + f(v), flcu) = cf(u) D &
51T, FIFFNZ, ERAEZERAT I IE X B 2P EM D o 2R M~
DEH. ZDEGEPEH S NHPERE TR LIT0, GHRIN
72t % DR EBRO ] LR, nkouZEf R™ TIE, BIEXZ b
Nu & dHdTF AL DBEOBICETS.

A mapping between linear spaces such that the sum corresponds to
the sum and the scalar multiple to the scalar multiple in the form
flu+v) = f(u)+ f(v) and f(cu) = ¢f(u). The space for which the
mapping is defined is called its “domain,” and the mapped element is

called its “image.” In the n-dimensional space R", the image has the





